ABSTRACT Lattice modeling is applied to investigate how the configurations of local chain juxtapositions may provide information about whether two ring polymers (loops) are topologically linked globally. Given a particular juxtaposition, the conditional probability that the loops are linked is determined by exact enumeration and extensive Monte Carlo sampling of conformations satisfying excluded volume constraints. A discrimination factor f L
INTRODUCTION
The study of topological entanglement, such as catenation and knotting, is a rigorous mathematical pursuit (1) (2) (3) , and at the same time a subject of intense practical interest to many branches of science (4) and engineering (5) . As far as chemical topology of molecular structures is concerned (6) , topological constraints arise readily in ring polymers (7, 8) as well as linear polymer melts (9) . The properties of these configurational restrictions have a direct impact on polymer viscoelasticity (9, 10) and the spatial extent of conformational fluctuations (11) (12) (13) .
Many important biomolecules are polymers. Hence, questions about covalent topology are clearly relevant to molecular biology (14) . For proteins, experimental data collected so far have indicated that topological entanglement is rare (15) , though not nonexistent (16) (17) (18) (19) (20) . In contrast, for DNA, it is well known that the formation of supercoils, catenanes, and knots are critical for its function or malfunction, and that potential problems associated with these topological features are prevalent (21, 22) . Under conditions of topological equilibrium (23) (24) (25) (26) , an ensemble of circular DNA molecules populates many states with different degrees and patterns of linking and knotting. DNA topoisomerases (27) are enzymes that change the topology of DNA by first cleaving a segment of the molecule (which can be either a single DNA strand or a DNA double helix), allowing the passage of another segment through the break thus created, and then resealing the transient break (28, 29) . Remarkably, a class of topoisomerases, designated type 2, because they change DNA linking number in steps of two and effect passage of segments of the DNA double helix, are found to have the ability to significantly lower the degrees of knotting and catenation among DNA molecules to a steady-state level well below their corresponding equilibrium values (30) . This observation immediately raises intriguing questions as to how the recognition of the topological state of the DNA is achieved by the topoisomerase (31) . Because the topoisomerase is much smaller than the DNA molecule it is acting on, it seems reasonable that the topoisomerase must be able to exploit spatially local properties of the DNA-albeit the extent of this ''locality'' may be an open question (see below)-to infer the topological state of the DNA. As such, biology is apparently offering a general, practical strategy for disentanglement that other lines of inquiry might not yet have come across. Thus, deciphering the physical basis of local inference of global topology is useful not only for understanding important cellular functions, but would likely lead to broader implications in other research areas as well.
Several hypothetical mechanisms have been proposed to rationalize the ability of type 2 topoisomerase to gather topological information from local binding events. These include a ''three-binding-sites model'', wherein the topoisomerase senses the topological state of the DNA by actively sliding along the DNA contour after first binding (30) . Also proposed is a ''kinetic proofreading model'' in which two temporally separated topoisomerase-DNA collisions are required to effect DNA segment passage, thus allowing certain spatially nonlocal conformational information to be sampled (32, 33) . A third mechanism, which may be termed the ''active bending model'', proposes that the topoisomerase actively deforms the DNA conformation at the binding site. According to the model, this process would lead to a topological bias when DNA passage through the deformed region is further restricted to be unidirectional (34, 35) . A fourth mechanism, referred to as the ''three-segment interaction model'', stipulates that a bound topoisomerase, essentially stationary with respect to the DNA, achieves topological bias by interacting with three DNA segments. In this way, its action would be based on presumably more topological information about the DNA molecule than that can be gleaned from a twosegment juxtaposition (36) .
A simpler mechanism was proposed by Buck and Zechiedrich (37) . It takes into account only the information provided by the local curvature and the relative orientation of the two segments making up a DNA juxtaposition. In this hypothesis, by virtue of the preferential binding of type 2 topoisomerases to DNA juxtapositions (38), the topological bias of the topoisomerase is achieved by acting selectively on preexisting ''hooked'' rather than ''free'' juxtapositions (37) . Recent structural evidence from x-ray crystallography appears to support this view (39) . Additional biological data are also best explained by this proposed mechanism (40) . The primary concern of our work is more fundamental, however. Our aim is to examine, in large measure irrespective of experiment, whether the hypothesis is logically, mathematically, and physically possible; and if so, what are the quantitative implications of the proposed mechanism. For instance, if such an inference from local juxtaposition geometry to global topology can be achieved in some situations, how does the reliability of the inference depend on the size and shape of the polymeric conformations involved? Therefore, the central question we ask here is simple: given a particular juxtaposition geometry, how much can we infer about the global topology of the chain configurations? In other words, to what degree does substrate specificity for some particular juxtapositions represent the selection of chain configurations with certain topological biases? As a first step in this endeavor, we focus on a system of two ring polymers that can be either interlinked or not interlinked, as DNA catenanes (41, 42) can be modeled rudimentarily as two interlinked polymer rings. Our analysis will be conducted in rather general terms using coarse-grained modeling. More detailed comparisons of our results to real molecular behavior may require structurally higher resolution models.
MODEL AND METHODS

Exact lattice enumeration
Lattice modeling is a coarse-grained approach to understanding polymer properties. Despite its apparent simplicity, lattice models have been tremendously useful for establishing general physical principles. Indeed, studies based on exact enumeration of lattice conformations since the late 1940s (43) (44) (45) (46) have led to important modern conceptual advances in polymer physics such as scaling theory (47) and renormalization group analyses (48) . Lattice modeling has also been applied to knotting, with notable successes (1, 13, (49) (50) (51) . In this study, we consider chains configured on three-dimensional simple cubic lattices. To account for the physical constraints of excluded volume, no configuration is allowed to have more than one monomeric unit (''bead'') of the polymer from the same chain or from different chains to occupy the same lattice site. Ring polymers are thus modeled as self-avoiding lattice polygons.
Spatially local geometrical constraints on a polymer such as contacts or cross-links between different parts of the chain can result in significant biases in conformational distribution (52, 53) . Conversely, global conformational properties can have substantial impact on local geometry. In this connection, a notable observation from earlier exact lattice enumeration is that overall conformational compactness can enhance local preferences for helical and sheet-like structural motifs (53, 54) . Thus, the packing effects of compactness are seen as a significant driving force for secondary structure formation in globular proteins (55, 56) and the preponderance of helices and sheet-like ''planar zigzags'' in crystals of synthetic polymers (57) .
Pursuing a similar investigative logic, here we seek to determine how the constraints imposed by a given juxtaposition between two loops (three examples of which are shown in Fig. 1 ) may affect their topological distribution. A two-loop configuration is defined by the individual conformation of each of the two loops, and the relative translational and orientational separations between the two loops. For this purpose, we first use exact enumeration to construct two-loop configurations by ''growing'' from one end of each of the two segments of a given juxtaposition, and constrain the chain growing from each segment to form a loop by closing onto the other end of the given segment (see caption for Fig. 1 ). In other words, the starting point of our configurational analysis is a given juxtaposition geometry. This procedure allows us to determine the probabilities of different topological states (see below), conditioned upon the starting juxtaposition. Our logical reasoning differs from approaches that consider specific topological states as starting points of analyses. Thus, the present methodology is complementary to other pertinent lattice (49, 50) and continuum (34, 58) modeling efforts.
For any complete two-loop configuration generated by exact enumeration using the above-described growth procedure, the linking number, Lk, between the two lattice loops is determined using the algorithm of Fourey and Malgouyres (59) from the coordinates of the chains. Consideration of this Lk is appropriate for catenation as it accounts only for the linkage (or lack thereof) between the two loops without regard to the topological complexity of individual loops. In using this Lk, it should be noted that whereas all unlinked configurations have Lk ¼ 0 (i.e., all Lk 6 ¼ 0 configurations are FIGURE 1 Three special 5 mer-on-5 mer juxtapositions configured on the simple cubic lattice: (I) hooked, (II) free (planar), and (III) free (nonplanar). They will be referred to by these labels throughout this study. Besides these three, many other juxtaposition geometries are possible in our model (Table  1) . For every such juxtaposition, the middle positions of the two polymer chain segments are required to be nearest lattice neighbors (indicated by dashed lines connecting the two middle beads for the examples shown). Two-loop configurations are constructed by joining points i and ii with a self-avoiding lattice walk to form one ring polymer, and by joining points iii and iv by another self-avoiding walk to form a second ring polymer. To enforce excluded volume, every site on the lattice is not allowed to be occupied by more than one polymer element. linked), some Lk ¼ 0 configurations, such as those with a Whitehead's link (59) , can be linked. Nonetheless, for the loop sizes considered in this study, linked configurations with Lk ¼ 0 constitute only a very small fraction of all Lk ¼ 0 configurations. (In this study, the ''size'' of a loop refers to the number of beads that make up the loop.) Hence, while not losing sight of this intricacy, for terminological simplicity we will simply refer to our Lk ¼ 0 and Lk 6 ¼ 0 two-loop configurations, respectively, as unlinked and linked. Table 1 shows that the diversity of juxtaposition geometries depends on the numbers of beads of the two segments defining the juxtaposition. To provide sufficient coverage of subtle geometrical effects that can only be captured by lattice chain segments with more beads, yet at the same time keep our modeling exercise computationally tractable, here we choose to be concerned only with the 5 mer-on-5 mer (5, 5) juxtapositions (five beads for each segment). Each 5 mer segment can take 15 different shapes. The combination of pairs of such segments at different relative orientations leads to a fairly large number of different juxtaposition geometries. The hooked and free juxtapositions in Fig. 1 are three among a total of 2,982 such juxtapositions, from which two-loop configurations are constructed. In this study, we focus mainly on cases when the two loops are of the same size, denoted as n (n is the number of beads). As an illustration of the lattice method, an example Lk ¼ 2 two-loop configuration obtained by exact enumeration is depicted in Fig. 2 .
Monte Carlo sampling
By accounting for all possible two-loop configurations, exact conformational enumeration provides exhaustive information about their topological linkage. However, because the number of configurations, and thus the time needed for computation, increases exponentially with loop size n, for loops larger than that in Table 2 , exact enumeration would fast become computationally impractical. To extend our analysis to a broader range of loop sizes, we adopt the Monte Carlo algorithm of Madras et al. (60) . In this algorithm, the size of each loop is constant, always kept at the given (input) value. Starting with any loop conformation, new loop conformations are generated by a move set consisting of three types of chain moves: inversion, reflection, and interchange transformations, as defined in the original reference (60) . These moves permit conformational transitions between different topological states, and ensure ergodic sampling. In other words, chain segments can ''pass through'' one another during the moves, but the end product of each move, i.e., the new configuration, is not allowed to violate excluded volume (see below). Each of these moves is initiated by first identifying randomly a pair of loop positions, or beads. For each loop, all possible bead pairs have equal chance to initiate a chain move, except for the inner beads of the fixed juxtaposition. The only beads in the juxtaposition allowed to initiate a chain move are the four endpoints of its two segments. A list is made of all possible conformational transformations defined by the given bead pair. Then, a transformation is randomly chosen from the list to generate a putative new conformation, also termed the attempted move, which is accepted if it does not violate excluded volume constraints. Otherwise, it is rejected, in which case the original unchanged conformation contributes one more time to the sample. The two-loop linking number Lk is determined as before (59) . This process is then repeated until sufficient conformational sampling has been performed to ensure convergence, i.e., when the variations of the computed averages of the quantities of interest are negligible. We have carried out this procedure for loop sizes as large as n ¼ 200. The ratios of the number of accepted chain moves to the number of attempted moves are reasonable. For example, these ratios are ;0.41, 0.36, 0.30, and 0.26, respectively, for the n ¼ 24, 50, 100, and 200 simulations. Thus, conformational sampling is efficient for the loop sizes we considered.
RESULTS AND DISCUSSION
Configurational counts and topological discrimination factors
We begin with the hooked juxtaposition and two free juxtaposition geometries in Fig. 1 . We pay special attention to the Ten lattice sites constituting a hooked juxtaposition are marked by center black dots for the white beads and center white dots for the black beads. To elucidate the decatenation action of type 2 topoisomerases, the lattice chains here may be viewed as a model for the DNA double helix. This treatment does not address the internal structure of the DNA double helix, i.e., singlestrand DNA is not considered. Accordingly, it should be noted that the looplinking number Lk in this study does not correspond to the linking number defined for individual DNA strands. hooked and free juxtapositions because intuitively they correspond to rather extreme local geometric and steric constraints with likely opposite topological effects (37) . For this purpose, juxtaposition (I) with a 90°cross angle between the two segments is chosen because it is the only fully hooked geometry among all (5, 5) juxtaposition geometries (Table 1) . For free juxtapositions, (II) and (III) with different segment cross angles (0°and 90°) are possible. Thus, results from these two geometries are expected to be useful for delineating possible angular effects among free juxtapositions. Table 2 gives the numbers of linked and unlinked two-loop configurations containing these three juxtapositions that we have determined using the exact enumeration method. Accordingly, each set of configurations in the table may be viewed as corresponding to a subset of all possible two-loop configurations in topological equilibrium (23, 25, 26) , where the subset is being defined by the restriction that there is at least one incidence of the given juxtaposition in the configuration. Table 2 shows that the hooked juxtaposition behaves very differently from the two free juxtapositions with respect to the distribution of topological states among the two-loop configurations. For the hooked juxtaposition (I), most of the implied configurations are linked. Indeed, for small loop sizes, n ¼ 8 and n ¼ 10 for example, it is impossible to have this hooked juxtaposition without having the two loops being linked, a fact that is intuitively obvious from a simple inspection of the cubic lattice geometry. For larger loop sizes, Table 2 indicates that this hooked juxtaposition can be consistent with unlinked configurations, but their numbers are much smaller than that of the linked conformations. At the same time, when the loop sizes are larger (n $ 16), it is possible for the two loops to be doubly linked (Lk ¼ 2) if there is a hooked juxtaposition between the two loops.
The corresponding behavior of the two free juxtapositions are opposite to that of the hooked juxtaposition. For small loops (n # 12), no linked configuration can be consistent with either free juxtaposition. For larger loops, linked configurations are possible, but their numbers are much smaller, consistently, than that of the hooked juxtaposition. For the loop sizes in Table 2 , the maximum degree of linkage between two loops with a preformed free juxtaposition (II or III) is Lk ¼ 1, which is lower than the Lk ¼ 2 value possible for n $ 16 loops with a preformed hooked juxtaposition.
With the configuration counts, the probabilities that a given juxtaposition is part of a linked two-loop configuration, or part of an unlinked two-loop configuration, can be computed readily. As discussed above, these probabilities are based on an underlying sample space of configurations in topological equilibrium. Let V 0 be the total number of configurations, and V L be the number of linked configurations, both subject to the constraint of having a given juxtaposition. Then the probability, conditioned upon the given juxtaposition, that the two loops are linked is V L /V 0 , and the corresponding conditional probability that the two loops are not linked is 1 -V L /V 0 . For instance, for two loops of size n ¼ 16, the conditional probability that a two-loop configuration with a hooked juxtaposition is linked is (17,868,898,017 1 868)/(52,976,204 1 17,868,898,017 1 868) % 99.7%, whereas the corresponding conditional probabilities that a two-loop configuration with a free juxtaposition (II or III) are linked are, respectively, 12,132,856/(119,888,519,057 1 12,132,856) % 0.01% or 7,944,384/(114,797,003,485 1 7,944,384) % 0.007%. This means that if a hooked juxtaposition is observed between two n ¼ 16 loops, it is almost certain that the two loops are linked. On the other hand, if a free juxtaposition is observed between the same two loops, it is almost certain that they are not linked. These extreme probabilities, at least for relatively small loop sizes n ¼ 8-16, indicate that knowledge about preexisting juxtapositions can, in principle, be used statistically to discriminate the underlying topological state of the configuration. Therefore, we find it useful to define a discrimination factor, The three juxtapositions I, II, and III correspond to the ones depicted in Fig. 1 . The tabulated numbers are obtained by exact enumeration on simple cubic lattices. Each count corresponds to the number of two-loop configurations consistent with the existence of the given juxtaposition at a fixed position and orientation. The counts do not include any translational, rotational, or inversion transformation of the starting juxtaposition.
which is equal to the ratio of conditional probabilities that the two loops are linked versus that they are not linked. For example, for two loops of size n ¼ 16 and juxtapositions I, II, and III, respectively, f L ¼ 333.7, 1.0 3 10 ÿ4 , and 6.9 3 10 ÿ5 . Hence, this factor is a measure of the topological information content of a given juxtaposition. A high (or low) f L value implies that it is much more (or less) probable for the two-loop configuration with the given juxtaposition to be linked rather than not linked. In this way, f L provides a means to assess reliability when an inference based on a given juxtaposition is made about the topological state of the global configuration. Further specifications may be applied to the configuration counts in Eq. 1, for example, by restricting the counts to configurations with a certain characteristic, to examine how the topological information content of a juxtaposition may vary depending on the underlying configurational space of interest (see below). Fig. 3 studies in some detail how the discrimination factor of the hooked juxtaposition depends upon the intra-and interloop contacts. A contact is defined by a pair of nearest lattice neighbors between two polymer beads that are not sequential along the contour of a chain. As the number of intraloop contacts is a direct measure of the compactness of a conformation (53), the results from this study are relevant to questions about how the overall compactness of the individual loops and other conformational features related to contact formation may impact the topological discriminating power of specific juxtapositions. Fig. 3 shows that f L exhibits significant variations as a function of the two numbers of intraloop contacts. Whereas the overall f L is ;340 (see above), Fig. 3 a indicates that f L is much higher at %2000 for the subset of two-loop configurations with essentially no intraloop contacts (q 11 % q 22 % 0). This quantitative result echoes the argument made previously by Buck and Zechiedrich (37) that hooked juxtaposition invariably implies linkage for perfect circles. Small lattice loops with no intraloop contacts are intuitively similar to small circles (that also have no intraloop contacts by definition) in certain geometrical respects (cf. the n ¼ 8 case discussed above). Therefore, it is not too surprising that f L is higher for this class of lattice configurations. What is surprising is the magnitude of the effect.
Interestingly, the n ¼ 16 result in Fig. 3 a shows that there is a local maximum with f L % 1200 on the q 11 -q 22 plane when q 11 % q 22 % 3. For loop size n ¼ 16, the maximum possible number of intraloop contacts is seven. Thus, this trend suggests that the topological discrimination power of the hooked juxtaposition can be increased substantially if the two loops are both constrained to form an intermediate number, approximately midway between zero and the maximum possible number, of intraloop contacts. We will examine further this intriguing phenomenon and its possible experimental implications in the next subsection. Here, Fig. 3 b shows that f L decreases sharply and essentially monotonically with increasing number of interloop contacts (q 12 ) or increasing overall compactness of the two-loop configuration (as measured by q). In particular, when the two n ¼ 16 loops are constrained to have the maximum possible number of interloop contacts, the hooked juxtaposition would essentially lose its power to discriminate between linked and unlinked two-loop configurations (log f L % 0, i.e., f L % 1 for q 12 % 24-27). Taken together, the results in Fig. 3 underscore the important role of contact pattern of the underlying global configuration in enhancing or diminishing the reliability of topological inference from local juxtapositions.
Effects of system size on the implied topological bias of a juxtaposition
The above analysis shows that the three juxtapositions in Fig.  1 impose impressive topological biases on relatively small loops. For the loop sizes in Table 2 , the discrimination factor f L is either very high or very low (i.e., the absolute value jlog f L j is high, jlogf L j /N for the smaller loops). However, as topological diversity increases with loop size, the trend in Table 2 indicates that f L would take less extreme values as the loop size increases. To ascertain whether the topological discriminating power of the juxtapositions remains significant for larger loops, Monte Carlo sampling is used to extend the study to loops with as large as 200 beads (Fig. 4) . To test the validity of the Monte Carlo procedure, we calculated the Monte Carlo f L for n ¼ 16 for the three juxtapositions and the f L for n ¼ 12 for the 1 mer-on-1 mer control case in Fig. 4 . The Monte Carlo results are practically indistinguishable from the corresponding discrimination factors computed from exact enumeration data.
As expected, Fig. 4 shows that jlog f L j decreases with increasing loop size n: As n increases, the f L factor for the hooked juxtaposition decreases from its high values for small n, whereas the f L factors for the two free juxtapositions increase from their low values for small n. The behavior of the two free juxtapositions are very similar. Their log f L values are practically indistinguishable for n $ 50. Nonetheless, for small loop sizes, the nonplanar free juxtaposition (III) is noticeably more biased against linked configurations than the planar free juxtaposition (II), as is evident from the lower log f L values for the former (Fig. 4, triangles) that for the latter (squares) for n # 34 (cf. the corresponding n ¼ 14 and 16 data in Table 2 ). These observations suggest that the topological constraints imposed by these two free juxtaposition geometries are very similar, and that the differences of their effects are spatially local in character.
The most interesting observation here, however, is that the f L factors in Fig. 4 do not appear to asymptotically approach log f L ¼ 0, or f L ¼ 1. Instead, apparently, log f L for the hooked juxtaposition tends to a positive value; on the other hand, the essentially equal log f L for the two free juxtapositions tends to a negative value. In other words, these juxtapositions do not become equivocal about the topological state of their underlying configurations. The existence of one of these juxtapositions in a two-loop configuration can still provide significant topological information even when the loop sizes are large. For loop size n ¼ 200, log 10 f L % 1 for the hooked juxtaposition, meaning that even for this large loop size, it is still ;10 times more likely that an n ¼ 200 two-loop configuration underlying a hooked juxtaposition is linked rather than not linked. For the same loop size, log 10 f L % -1 for the free juxtapositions, implying that the topological distribution of the underlying two-loop configurations for the free juxtapositions is essentially opposite that of the hooked juxtaposition. For the free juxtapositions, the configurations are ;10 times more likely to be not linked than linked. These observations suggest strongly that the local distinctions of these juxtapositions, their particular bond and torsional angles, etc., amount to a kind of intrinsic background conformational bias with topological consequences that cannot be obviated by increasing loop size. Fig. 4 considers also the f L values for a 1 mer-on-1 mer (1, 1) juxtaposition as a control case (diamonds). Similar to the two free juxtapositions, the log f L values for this control case are negative, indicating a bias against linked configurations, but this bias is less strong (less negative log f L ) for the (1, 1) juxtaposition than for the two free juxtapositions. The variation of log f L with n for the (1, 1) juxtaposition exhibits a trend similar to that of the two free juxtapositions, and the difference in f L between the (1, 1) and the two free juxtapositions narrows as n increases. Because the (1, 1) juxtaposition embodies no local juxtaposition geometry, its negative log f L values imply that, if local juxtaposition geometry is disregarded, on average the mere existence of a juxtaposition constitutes a topological bias favoring unlinked configurations. Fig. 5 investigates how f L of the hooked juxtaposition depends on the numbers of intraloop contacts, and thus compaction, for larger loops. Comparing these results for n ¼ 50 and 100 with that for the smaller loop size n ¼ 16 in Fig. 3 a shows differences as well as similarities in the pattern FIGURE 3 Discrimination factor f L (ratio of linked/ unlinked number of configurations) of the hooked juxtaposition (Fig. 1, I ) is determined by exact enumeration for two n ¼ 16 loops. of variation of the hooked f L with respect to q 11 and q 22 . For the small loop n ¼ 16 cases, q 11 % q 22 % 0 is associated with exceptionally high f L values (Fig. 3 a) , but this is not the case for the larger loops in Fig. 5 . Apparently, when the loop size is larger, the conformational freedom of an individual loop is large even for loops without intraloop contacts. In this case, such loops do not necessarily resemble perfect circles. Thus, configurations for two large loops with q 11 % q 22 % 0 are much less constrained by the initial hooked juxtaposition, and, therefore, provide less topological information than when the loops are smaller.
A conspicuous feature in the small-loop result in Fig. 3 a and the larger-loop results in Fig. 5 is that the discrimination factor f L for the hooked juxtaposition is significantly enhanced for two-loop configurations that have intermediate numbers of intraloop contacts in both loops. Comparing Fig.  5 against Fig. 3 a shows that this effect is more prominent for larger loop sizes. For the n ¼ 16 case in Fig. 3 a, f L attains relatively high values around a local maximum for a very small range of intermediate q 11 and q 22 values. However, for each of the n ¼ 50 and 100 cases in Fig. 5 , a ridge of high f L factors extends over a much larger regime of intermediate q 11 , q 22 values. At least for n ¼ 50, the ridge apparently encompasses configurations with one (but not both) of the individual loops being almost maximally compact (q 11 or q 22 close to the maximum possible value for the given loop size).
The f L values along the ridge is higher than that for other parts of the q 11 -q 22 plane as well. This behavior leads us to speculate that perhaps a certain level of intraloop contact formation may serve to decrease the effective loop size and therefore entail larger discrimination factors (cf. Fig. 4) .
The statistical mechanical trend emerging from Figs. 3 a and 5 about intraloop contacts is relevant to the experimental observation that the decatenating action of type 2 DNA topoisomerases is more effective when the DNA molecules are supercoiled (41, 42, 61) . Although supercoiling of individual loops is not monitored in this study, supercoiling inevitably leads to intraloop contacts. Supercoiling is expected to correspond to an intermediate number of intraloop contacts; this is in contrast to a maximal or near-maximal number of intraloop contacts that implies a globular overall shape (53) for the individual loop. Hence, if we assume that topoisomerase decatenates by acting selectively on hooked juxtapositions (37), increased decatenating effectiveness with supercoiling is rationalizable in our model by a significant enhancement of the topological discrimination factor f L at an intermediate level of intraloop contact formation (Fig. 5) . According to our polymer model, the topological bias imposed by a hooked juxtaposition in favor of linked configuration is higher if each loop of the underlying two-loop configuration is of intermediate compactness. This perspective is consistent with a similar, though less quantitative, argument advanced previously (37) .
Probabilities of decatenation by segment passage
The significant and essentially opposite topological biases of the hooked and free juxtapositions observed above imply that a topoisomerase-like process of segment passage at these juxtapositions would most likely, respectively, disentangle (unlink) or entangle (link) the two ring polymers. We now address the operational question of disentanglement directly. We do so by considering ''virtual segment passages''. Here, a virtual segment passage of a juxtaposition is defined as an interchange of positions of the center beads, one from each of the two segments that make the juxtaposition; the two loops are then rerouted through the new, interchanged positions of the center beads at the juxtaposition (Fig. 6, top panel) . In this way, the juxtaposition geometry is changed whereas the rest of the two-loop configuration and its overall shape remain unperturbed. Taken literally, this procedure would lead to bonds connecting second nearest lattice neighbors, and thus the resulting configuration would no longer belong to the set of allowed configurations in the simple cubic lattice model. But these segment-passage operations are ''virtual'' because they are only carried out hypothetically for the benefit of calculating the resulting change in Lk. We devise this method of analysis because it is a conceptually clear and computationally efficient way to explore the consequences of topoisomerase-like action in this model. FIGURE 4 Discrimination factors f L of the juxtapositions in Fig. 1 as functions of loop size n. Circles, squares, and triangles are, respectively, data points for the (I) hooked, (II) free (planar), and (III) free (nonplanar) juxtapositions in Fig. 1 . Included for comparison is f L for a control situation ()) in which a pair of positions, one from each of the two loops (satisfying excluded volume conditions as before), are nearest neighbor on the lattice, but otherwise are not constrained. Thus, the diamonds in the plot correspond to the discrimination factor for a 1 mer-on-1 mer juxtaposition. In these plots, curves through the data points are a guide for the eye. Data for n # 16 for the three 5 mer-on-5 mer juxtapositions and data for n # 12 for the control are obtained by exact enumeration. Corresponding data for n $ 16 and n $ 12 are obtained by Monte Carlo sampling, with the number of attempted chain moves for each data point varying from 3 3 10 9 to 1.8 3 10
10 .
Fig . 6 shows the topological changes resulting from performing virtual segment passages on the hooked juxtaposition (I) and free juxtaposition (III). We do not apply virtual segment passage to juxtapositions with adjacent parallel bonds connected to the center beads of the two segments, e.g., free juxtaposition (II), because such a transformation does not mimic topoisomerase action and would also lead to apparent excluded volume clashes between the transformed bonds. The results in Fig. 6 confirm the strong statistical biases that are already obvious from the above discrimination factor considerations. When a hooked juxtaposition undergoes a segment passage, the probability that the process would decatenate two loops that were originally linked is extremely high (Fig. 6 , left, linked / unlinked panel). As expected, this probability is attenuated by increasing loop size n. But even for loops as large as n ¼ 200, the probability of decatentation is ;85%. This means that if a hypothetical topoisomerase only acts selectively on this hooked juxtaposition in the model, .85% of the time it would result in decatenation of two originally linked n ¼ 200 loops, though it is possible (;13%) that such a segment passage would result in the catenation of two originally unlinked loops (Fig. 6 , left, unlinked / linked panel). This bias is even stronger for smaller loops. If the two loops have jLkj . 1 to begin with, Fig. 6 shows that segment passage of a hooked juxtaposition (that changes Lk by one unit) is approximately 10 times more likely to decrease linkage than to increase linkage between the loops (linked / decreased linking, and linked / increased linking panels on the left). In contrast, the effects of segment passage for a free juxtaposition are almost exactly the opposite. For instance, passing the two segments of a free juxtaposition (III) in the model would result in the catenation of two originally unlinked n ¼ 200 loops .90% of the time (right column of Fig. 6 ). Again, this bias, which is opposite to that of the hooked juxtaposition, is even stronger for smaller loops. These model results suggest that, as has been proposed for DNA disentanglement by type 2 topoisomerase (37), selective segment passage of hooked juxtapositions can be an effective general mechanism to decatenate interlinked ring polymers.
We reemphasize that the probabilities of various topological states conditioned upon a presumed juxtaposition, as have been calculated in this work, are designed to address issues quite different from those addressed by the probabilities of occurrence of various juxtapositions conditioned upon a given topological state (34, 62) . The critical questions addressed by the conditional probabilities and f L here are that of specificity: assuming that type 2 topoisomerases act selectively on juxtapositions with a specific geometry, how much topological information can be offered by that juxtaposition and what is the probability of successful disentanglement by segment passage? The discussion above indicates that so far the answers to these questions are encouraging to the view that significant topological information is embodied in certain local juxtaposition geometries (37) . On the other hand, under the same assumption about topoisomerase action, the conditional probability of occurrence of a specific juxtaposition geometry among loop configurations with a given underlying topology is related to the probability of enzyme-DNA binding and thus the efficiency of topological transformation and steady-state population distribution.
A general account of juxtaposition geometry and specificity of topological discrimination
To explore a broader context for the above consideration of the three representative juxtapositions in Fig. 1 , it is instructive FIGURE 6 Changes of the linked/unlinked status of two-loop configurations caused by segment passage of different juxtapositions. The top graphics illustrate virtual segment-passages for a hooked (I) and a free (nonplanar, III) juxtaposition in the model. For each configuration obtained by exact enumeration or Monte Carlo sampling, a virtual segment passage operation at the given juxtaposition is performed to determine the resulting change in Lk. Four consequences of such topoisomerase-like processes are distinguished: i), a linked configuration becomes unlinked; ii), an unlinked configuration becomes linked; iii), the absolute value of the linking number of an originally linked configuration decreases, but the two loops remain linked; and iv), the absolute value of the linking number of a linked configuration increases. The probabilities of these four different outcomes are computed as functions of loop size n for an initially hooked (panels and scales on the left) or free (panels and scales on the right) juxtaposition. Since i-iv cover all possibilities, the probabilities for a given n along each vertical column add up to unity. Data for n # 16 are obtained by exact enumeration; those for n $ 16 are from Monte Carlo sampling, where the number of attempted chain moves for each data point varies from 3 3 10 9 to 1.8 3 10 10 . The maximum Lk encountered in our Monte Carlo simulations for the n ¼ 200 loops here is Lk ¼ 4 for the hooked juxtaposition and Lk ¼ 3 for the free juxtaposition.
to take a more panoramic view of the relationship between juxtaposition geometry and topological bias. To this end, we now consider all 2,982 5 mer-on-5 mer juxtapositions (Table  1) . Fig. 7 defines two scalar parameters, Ñ 1 Á Ñ 2 and H, for the general geometrical characterization of these juxtapositions in terms of the curvature vectors Ñ 1 and Ñ 2 at the center beads of the two segments of the given juxtaposition. The definition of curvature vectors in Fig. 7 is designed to be applied to lattice juxtapositions, and reduces to the usual definition of curvature vector in the continuum limit. We note that the discretized curvature vectors Ñ 1 , Ñ 2 and the relative position vectors r 12 , r 21 in our formulation are essentially equivalent, respectively, to the r 1 , r 2 and p 12 , p 21 vectors in Buck and Zechiedrich (37) . Similar to the 8 attempted chain moves for each data point. Large squares with incoming arrows marked by I, II, and III, are, respectively, data points for the hooked and free juxtapositions in Fig. 1 . Data points for the free (nonplanar) juxtaposition (III) does not appear in the n ¼ 14 plots because it is one of 32 juxtapositions with f L ¼ 0 for n ¼ 14 (and hence its log f L / ÿ N).
formulation described in Fig. 1 of Buck and Zechiedrich (37) , Fig. 8 shows how the Ñ 1 Á Ñ 2 and H parameters may be used to classify juxtaposition geometry. For instance, Ñ 1 Á Ñ 2 , 0, H . 0 corresponds to a general hook-like geometry, whereas Ñ 1 Á Ñ 2 , 0, H , 0 corresponds to free juxtapositions with the two segments curving away from each other.
We compute these geometrical parameters for all 2,982 5 mer-on-5 mer juxtapositions. Fig. 9 shows the variation of f L as a function of the geometrical characteristics of a juxtaposition. Several features in these plots are noteworthy. First, consistent with the findings in Figs. 3-5 , the diversity in f L values are much higher for small loops (n ¼ 14, upper panels) than for larger loops (n ¼ 50, lower panels). Nonetheless, the general trend of the scatter plots for small loops is remarkably similar to that for the larger loop; and even for n ¼ 50, the diversity of f L values, which cover more than three orders of magnitude, remains significant. Second, most juxtapositions have f L , 1 (log f L , 0), implying that for most juxtapositions, the underlying two-loop configuration is more likely unlinked than linked. These data are consistent with the result for the 1 mer-on-1 mer control case in Fig. 4 , and cast doubt on the commonplace notion that random segment passage would result in essentially equal probabilities for catenation and decatenation. These data also suggest that for a segment passage to favor decatenation rather than catenation, a far-from-random effort to select juxtapositions with f L . 1 would be necessary. Third, although high positive values of log f L are found among hooked-like geometries (Fig. 8, upper left drawing) , not all such geometries behave similarly; indeed many of them have log f L , 0 (open circles in Fig. 9 , a and c, with Ñ 1 Á Ñ 2 , 0, and solid dots in Fig. 9, b and d, with H . 0) . Fourth, the three hooked and free juxtapositions in Fig. 1 are situated at or near extreme positions on the scatter plots in Fig. 9 , attaining maximum and near-minimum values of f L among all 2,982 juxtapositions (the I, II, and III labels in Fig. 9 ). This observation confirms our intuition that these specific hooked and free juxtaposition geometries are rich in topological information content (37) .
CONCLUDING REMARKS
In summary, we have shown that juxtapositions of certain geometries can embody highly significant information about the topological state of the much larger polymer configuration to which the given juxtaposition belongs. Our coarsegrained model findings lend credence to the theoretical argument that acting selectively on hooked juxtapositions is a possible mechanism by which type 2 topoisomerases disentangle DNA (37) . Whether and how topoisomerases might have actually exploited the general physical principles elucidated here, however, are questions to be settled ultimately by experiments. To attain a closer match between theory and experiment, many issues remain to be addressed, some of which may require a more detailed account of the physico-chemical properties of the polymer or biomolecule of interest. These open questions notwithstanding, our work establishes that statistically successful inferences from local juxtaposition geometry to global topology is a viable proposition in polymer physics.
The actions of topoisomerases and their apparent ability to discriminate global topological states have been poetically likened (31, 34) to that of Maxwell's demon (63) . Now, by focusing on the information content of juxtapositions, the results here demonstrate at an even more fundamental level that the statistical mechanical principles of Boltzmann may go a long way toward providing the necessary information for a topoisomerase's feat. A natural extension of this investigation would be to apply our approach to knotting and other forms of entanglement. Effort in that direction is under way.
